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Jèmata

1. (a) 'Estw to prìblhma arqik¸n tim¸n:{
y′(t) = f(t, y(t)), t ∈ [α, β],
y(α) = y0.

(1)

H f ikanopoieÐ thn olik  sunj kh tou Lipschitz wc proc y, omoiìmorfa wc proc t. Na deÐxete ìti gia
thn mèjodo tou Euler kai gia omoiìmorfo diamerismì, tn = α + nh, 0 ≤ n ≤ N , Nh = β − α, isqÔei h
ektÐmhsh:

max
0≤n≤N

|yn − zn| ≤ eL(β−α) |y0 − z0| (2)

Poi� sumper�smata dÐnei h sqèsh (2) gia thn eust�jeia tou probl matoc arqik¸n tim¸n; (1.5 mon�dec)
(b) Jewr ste to prìblhma arqik¸n tim¸n:{

y′(t) = λy(t), t ≥ 0, λ < 0
y(0) = y0.

(3)

(i) Me th bo jeia tou parap�nw probl matoc arqik¸n tim¸n na ektim sete to di�sthma apìluthc
eust�jeiac gia th mèjodo tou Euler kai thn peplegmènh mèjodo tou Euler. (ii) Na sqedi�sete thn
perioq  apìluthc eust�jeiac gia tic dÔo parap�nw mejìdouc (1.5 mon�dec).

2. (a) Na deÐxete ìti mia mèjodoc Runge-Kutta èqei t�xh akrÐbeiac p ≥ 1 an kai mìno an
q∑
i=1

bi = 1.

An isqÔei ìti
q∑
i=1

bi = 1, p¸c kaleÐtai h mèjodoc Runge-Kutta; (1.25 mon�dec)

(b) Na deÐxete ìti h mèjodoc Runge-Kutta (peplegmènh mèjodoc tou mèsou) me mhtr¸o:
1
2

1
2

1
èqei t�xh akrÐbeiac dÔo (1.25 mon�dec).

3. (a) Pìte mia mèjodoc Runge-Kutta onom�zetai algebrik� eustaj c; (1 mon�da)
(b) Jewr ste to prìblhma arqik¸n tim¸n (3) me λ = −1. Na deÐxete ìti h mèjodoc tou mèsou eÐnai
B-eustaj c (1 mon�da).

4. (a) 'Estw h polubhmatik  mèjodoc:{
y0, y1, ..., yk−1,

αky
n+k + ...+ α0y

n = h(βkf
n+k + ...+ β0f

n), n = 0, ..., N − k.
(4)

(i) Pìte h polubhmatik  mèjodoc plhroÐ th sunj kh twn riz¸n; (ii) Pìte h polubhmatik  mèjodoc
eÐnai eustaj c; (1.25 mon�dec)
(b) (i) D¸ste tic ekfr�seic ∇yn+3, ∇2yn+3, ∇3yn+3. (ii) Me qr sh tou (i) kai thc mejìdou:

y0, y1, ..., yk−1,
k∑
j=1

1

j
∇jyn+k = hfn+k, n = 0, ..., N − k,

(5)

na gr�yete thn polubhmatik  mèjodo pou prokÔptei (1.25 mon�da).
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